Abstract. It is shown that in infinitary propositional standard Gödel logics, enhanced with constant value formulas corresponding to the rational values contained in the unit interval, it is possible to define formulas over these constants using said infinitary connections which provide an internal definition for constant value formulas corresponding to the irrational values of [0, 1] . Therefore, irrational and from this all real constant value formulas are embedded in the presented logic and in conclusion equal expressivity is provided between the infinitary propositional Gödel logics enhanced with rational and real constants.
Introduction
Infinitary logics were initially studied by Tarski(and Scott) in [7] and [6] , with predicate logic being augmented by infinitely long expressions such as conjunctions, etc.,. These logics, extending an existing underlying logic L, are then categorized by two cardinal numbers κ, λ, forming L κ,λ , which determine essential properties, i.e. the length of the infinitary expression, the size of the set of variables, etc. Their work was followed among others by the tremendous monograph [5] by Karp, where she also especially outlined the properties of the here concerned subcase of propositional infinitary logic, that is basic propositional logic enhanced with the possibility for infinitary expressions, i.e. conjunctions and disjunctions, while the length itself is determined by a regular cardinal α(we limit our considerations here to the case of α = ω).
In [4] , Kalicki then considered steps towards intuitionsitic propositional infinitary logics and also provided a Tableau-styled calculus later proved by him to be complete. This intuitionistic case is obviously strongly connected to our here concerned infinitary Gödel logic since both underlying logics are strongly related as Gödel logics, forming a special intermediate logic
1
, originate from Gödels investigations about the intuitionistic calculus in [3] , For the case of our here concerned infinitary Gödel logics, Juan Aguilera lately investigated the properties of compactness of the first-order version in [1] .
This paper now focuses on the relation between infinitary Gödel logics and the values of the real unit interval. Under that topic, we consider the enrichment of infinitary Gödel logics by rational constant value formulas and by that we form a logic in which, as it will later become apparent, the lastly needed irrational values are embedded through infinitely long expressions.
More precisely, we will denote infinitary propositional standard 2 Gödel logics by G P ω , defined linguistically as the following set of well-formed formulas
where we have p ∈ P 3 and Φ being a non-empty, countably infinite subset of L G P ω . For the other classical operators, we define
For the semantics of G P ω , we consider a propositional valuation I : P → [0, 1] which can get extended to a function mapping the set of formulas L G P ω to the respective truth values. Besides the classical rules for extension, i.e. besides I(⊥) = 0, I(φ ∧ ψ) = min{I(φ), I(ψ)} and I(φ → ψ) = 1 if I(φ) ≤ I(ψ) and = I(ψ) otherwise, we consider the following extensions concerning the infinitary con-and disjunctions:
Key words and phrases. Gödel-Dummett logic, Intuitionistic logic, Infinitary propositional logic, Construction of real numbers. 1 In strength between classic and ituitionistic logic. In fact, Gödel logics are the logics of linearly-ordered Heytin algebras. 2 With standard, we denote the Gödel logic based on the real unit interval [0, 1] as a corresponding truth set. 3 Throughout this paper, P will denoted the countably-infinite set of propositions.
As usual, according to [2] , we denote I(φ) = 1 for a given I with I |= φ and ∀I : I(φ) = 1 with |= φ. The symbol |= is also representing the usual semantic entailment relation with Γ |= φ iff for all valuations I, we have that inf{I(ψ) | ψ ∈ Γ} ≤ I(φ).
1.1.
Extending the logic by rational constants. We now expand the before mentioned logic G P ω by rational constants. For this, we introduce a new type of formula withq for every q ∈ (0, 1) Q . Note, that we associate the formulas of the type0,1 with ⊥, ⊤ respectively. For those formulas, we naturally have I(q) = q for the extension of a propositional valuation. This logic now forms the basis for our coming investigations. Since this paper shall be of condensed nature, it is not in our scope to provide a proof system for the logic G P ω (Q), although this may provide interesting directions for future work.
The embedding of real constants
Utilizing the notions for infintary conjunctions and disjunctions, it is now possible to construct formulas corresponding constantly in their valuations to the irrational values of the unit interval. For achieving this, we utilize the common construction of irrationals by defining them over equivalence classes of Cauchy-sequences from rational numbers. We actually limit the considerations to a special class of Cauchy-sequences, namely those being additionally top or bottom bounded by their own limit. In the following lemma, we consider now the construction for two suitable members which later form the basis for our argumentation. Lemma 1. For every irrational in the unit interval, a defining top-or bottom-bounded Cauchy-sequence over rational numbers can be constructed.
Proof. We construct such a top-bounded sequence over additive decimal expansion. Taking any irrational r ∈ [0, 1], we consider the following representation:
where the sequence r 1 , r 2 , r 3 , . . . represents the respective sequence of decimal places iconic to r. Now, we consider the following related sequence q r = (q i ) i∈ω constructed as the following
This sequence corresponds to the said continuous additive decimal expansion of r and has therefore the following property:
lim
Additionally, it can be easily seen that q r is a Cauchy-sequence, i.e. that for all ǫ > 0 there exists n ǫ where ∀m, n > n ǫ : |q m − q n | < ǫ. Second, we also find the top-boundedness by r of this sequence, i.e. that for all q i it holds that q i < r.
On to the construction of a bottom-bounded sequence, we first consider the inverse 1 − r, which itself is obviously irrational through the presumption that r is irrational. For easier nomenclature, we define
. . . and therefore we consider the following intermediate sequence k = (k i ) i∈ω with
as the representation of the additive decimal expansion. For this sequence, we then obviously find that lim i→∞ k i = 1 − r and additionally that it is top-bounded in the usual fashion as shown above. We now utilize the following equality for constructing the bottom-bounded sequence q ′ r representing the limit-value r:
Let (a i ) i∈ω be a sequence of values a i ∈ [0, 1], it then holds that
Now, replacing the general sequence (a i ) i∈ω with our now concerned sequence k, we find that
Therefore, we define our to-produce sequence q ′ r = (q ′ i ) i∈ω with q ′ i = 1 − k i for every i ∈ ω. Since it was shown before that it holds that lim i→∞ q ′ i = r, it only remains to show that the sequence is bottom-bounded as advertised. For this, we consider that for the sequence k, it obviously holds that k i < 1 − r for every k i . We then infer that k i − 1 < −r and following from this that 1 − k i > r for every k i , i.e. that q As said before, this lemma and its proof are designed to draw attention to a specific construction of two versions to which we will later limit ourselves.
From these considerations, it is now possible to prove one of the main theorems. Utilizing these constructions, it is now possible to provide a proof system for the logic G P ω (R) over reductions of the additional irrational constants(as shown in Fig. 1 ). Since there is a slight factor of ambiguity for choosing a definition either over the infinitary con-or disjunction, we here provide the two alternative proof systems. 4 Following from this, the names (IR+) and (IR-) stand for irrational reduction using either dis-or conjunction respectively. G P ω (Q) here represents a strong standard complete axiomatization of the logic G P ω (Q).
It can easily be seen that both (IR+) and (IR-) are valid with respect to the intended semantics as it was directly shown before in Thm. 1. For proving the completeness of our two new conceived systems, we now proceed by defining two inter-language translation functions.
are defined as follows: For both functions first consider
Now for any irrational value r ∈ [0, 1], we set the following for t + :
while we set the following for t − :
The sets Φ(r) and Ψ(r) are labeled according to the choices made in the proof of Thm. 1. Before proceeding to another one of the main theorems, we first easily conceive the following:
Proof. Proof by induction over the structure of a formula φ. Considering all possible cases regarding both t
, the deducibility is pretty obvious as we have φ = t * (φ) for those types of formulas. Now considering the case that φ =r for some irrational r, we easily find that
} trough the axioms (IR+) and (IR-) respectively together with the basic induction hypothesis.
In the following proof, we will denote the arbitrariness between either G Proof. We consider an arbitrary theory Γ together with an arbitrary formula φ. Now taking the supposition Γ |= φ together with ⊢ G P ω (R) * φ ↔ t * (φ) from Lem. 2, we find that from the soundness of G P ω (R)+ and G P ω (R)−, we have that Γ |= t + (φ) and Γ |= t − (φ). Now, for the formula t * (φ), it holds that t * (φ) ∈ L G P ω (Q) . From the supposed completeness of the contained subsystem G P ω (Q), we then find that Γ ⊢ G P ω (Q) t * (φ). Utilizing the before mentioned subsystem property, we then automatically also have that Γ ⊢ G P ω (R) * t * (φ). At last, from ⊢ G P ω (R) * φ ↔ t * (φ) again, it follows that Γ ⊢ G P ω (R) * φ. Corollary 1. G P ω (Q) is equally expressive as G P ω (R). Proof. We find that every formula φ ∈ L G P ω (R) is translatable to a corresponding formula t * (φ) ∈ L G P ω (Q) as it can be seen in the proof of the before mentioned theorem. As we have L G P ω (Q) ⊂ L G P ω (R) , we can also easily define an inverse translation.
We also find the following corollary, where G Informally, this corollary just states that it suffices to incorporate only either the infinitary con-or disjunction for embedding irrational constants.
Since obviously propositional logics are substructurally related to predicate logics, we find that these results are also applicable in the wider context, as long as the existence of rational constants is ensured.
